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ABSTRACT. We consider the combinatorial Dyson-Schwinger equation X = B~^{P{X)) in 
the non-commutative Connes-Kreimer Hopf algebra of planar rooted trees H-nck, where is 
the operator of grafting on a root, and P a formal series. The unique solution X of this equation 
generates a graded subalgebra An,p of Hnck- We describe all the formal series P such that 
•An,p is a Hopf subalgebra. We obtain in this way a 2-parameters family of Hopf subalgebras 
of Ti-NCK, organized into three isomorphism classes: a first one, restricted to a polynomial ring 
in one variable; a second one, restricted to the Hopf subalgebra of ladders, isomorphic to the 
Hopf algebra of quasi-symmetric functions; a last (infinite) one, which gives a non-commutative 
version of the Faa di Bruno Hopf algebra. By taking the quotient, the last classe gives an infinite 
set of embeddings of the Faa di Bruno algebra into the Connes-Kreimer Hopf algebra of rooted 
trees. Moreover, we give an embedding of the free Faa di Bruno Hopf algebra on D variables 
into a Hopf algebra of decorated rooted trees, together with a non commutative version of this 
embedding. 
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Introduction 

The Connes-Kreimer Hopf algebra HcK of rooted trees is introduced in [12]. It is commutative 
and not cocommutative. A particular Hopf subalgebra of Hck, namely the Connes-Moscovici 
subalgebra, is introduced in [5]. It is the subalgebra generated by the following elements: 



Ss 

S5 



• 5 

I, 

Y+1, 



Y +3V + Y +i , 

<y>+6 V +3 V +4X^+4 



The appearing coefficients, called Connes-Moscovici coefficients, are studied in [4, 7]. It is 
shown in [6] that the character group of this subalgebra is isomorphic to the group of formal 
diffeomorphisms, that is to say the group of formal series of the form h + aih? + . . ., with 
composition. In other terms, the Connes-Moscovici subalgebra is isomorphic to the Hopf algebra 
of functions on the group of formal diffeomorphisms, also called the Faa di Bruno Hopf algebra. 

A non commutative version T~Lnck of the Connes-Kreimer Hopf algebra of trees is introduced 
in [9, 11]. It contains a non commutative version of the Connes-Moscovici subalgebra, described 
in [10]. Its abelianization can be identified with the subalgebra of TicKj here denoted by ^1,1, 
generated by the following elements of Hck'- 



ai 

as 



= Y+i, 

= Y +2V + Y +1 , 



+ 



This subalgebra is different from the Connes-Moscovici subalgebra, but is also isomorphic to the 
Faa di Bruno Hopf algebra. 



In this paper, we consider a family of subalgebras of T-Inck, which give a non commutative 
version of the Faa di Bruno algebra. They are generated by a combinatorial Dyson-Schwinger 
equation [2, 15, 16]: 

Xp = B+(P(Xp)), 

where is the operator of grafting on a common root, and P = '^Pkh^ is a formal series 
such that po = 1. All this makes sense in a completion of Hnck, where this equation admits a 
unique solution Xp = ^ajt, whose coefficients are inductively defined by: 

ai = ., 

n 

a„+i = ^ ^ pfcB+(aai . . .a^J, 

^ k=l ai+...+ak=n 
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For the usual Dyson- Schwinger equation, P = a{l — h)"^ . We characterise the formal series P 
such that the associated subalgcbra is Hopf: we obtain a two-parameters family AN,a,i3 of Hopf 
subalgebras of Hnck and we explicitely describe the system of generator of these algebras. 

We then characterise the equalities between the AN,a,i3^s and then their isomorphism classes. 
We obtain three classes: 

1. ^Ar,o,i) equal to K[.]. 

2. .4jv,i,-i, the subalgebra of ladders, isomorphic to the Hopf algebra of quasi-symmetric 
functions. 

3. The ^Ar,i,/3's, with f3 ^ —1, a non commutative version of the Faa di Bruno Hopf algebra. 
By taking the quotient, we obtain three classes of Hopf subalgebras of Hck- 

1. Ao,i, equal to K[.]. 

2. Ai,-i, the subalgebra of ladders, isomorphic to the Hopf algebra of symmetric functions. 

3. The Ai^p^s, with /3 / — 1, isomorphic to the Faa di Bruno Hopf algebra. 

We finally give an embedding of a non commutative version of the free Faa di Bruno on D 
variables (see [1]) in a Hopf algebra of planar rooted trees decorated by the set {1, . . . , D}^ . By 
taking the quotient, the free Faa di Bruno algebra appears as a subalgebra of a Hopf algebra of 
decorated rooted trees. 



This text is organized as follows. The first section gives some recalls about the Hopf algebras 
of trees and the Faa di Bruno algebra. We define the subalgebras of Hck and Hnck associated 
to a formal series P in section 2 and also give here the main theorem (theorem 4), which char- 
acterizes the P's such that the associated subalgebras are Hopf. In section 3, we prove 2 =^ 3 
of theorem 4. In section 4, we prove 4 =^ 1 of theorem 4. We also describe there the system of 
generators, and the case of equalities of the subalgebras. We describe the isomorphism classes 
of these subalgebras in the following section. In the last one, we consider the multivariable case. 

Notations. 

1. is any field of characteristic zero. 

2. Let XeK. We put: 

g,{h) = (1 - h)-' = f; KX + l)...^iX + k-l) ^, ^ g ^ 

k=0 ' k=0 



1 Preliminaries 

1.1 Valuation and n-adic topology 

In this paragraph, let us consider a graded Hopf algebra A. Let An be the homogeneous 
component of degree n of A. For all a E A, we put: 



val{a) = max < 



nGN/aG0^fc> GNU {+oo}. 



k>n 



For all a, 6 G v4, we also put d{a,b) = 2 ^\ with the convention 2 °° = 0. Then d is a 

distance on A- The induced topology over A will be called the n-adic topology. 
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Let A be the completion of A for this distance. In other terms: 

+00 

A = An- 

n=0 

+00 

The elements of A are written in the form ^^a„, with a„ G An for all n. Moreover, A is 

n=0 

natTirally given a structure of associative algebra, by continuously extending the product of A- 
The coproduct of A can also be extended in the following way: 

A : ^ — > A^A = ]J A Aj. 

+00 

For all p = ^ Unhn G for all a G v4 such that val{a) > 1 , we put: 

fc=o 

+00 

k=0 

(n+m \ 
p^a" j > n, so this series is Cauchy, and converges. It is an 
k=n ) _ 

easy exercise to prove that for all p,q E K[[h]], such that q has no constant term, for all a E A, 
with val{a) >l,{po q){a) = p{q{a)). 

1.2 The commutative Connes-Kreimer Hopf algebra of trees 

This Hopf algebra is introduced by Kreimer in [12] and studied for example in [3, 5, 7, 8, 13, 14]. 

Definition 1 

1. A rooted tree t is a finite, connected graph without loops, with a special vertex called root. 
The set of rooted trees will be denoted by Tck- 

2. The weight of a rooted tree is the number of its vertices. 

3. A planar rooted tree is a tree which is given an imbedding in the plane. The set of planar 
rooted trees will be denoted by Tnck- 

Examples. 

1. Rooted trees of weight < 5: 

.,,,v,l.T,l',Y.i.-^.V.V,X'.l',T.Vll. 

2. Planar rooted trees of weight < 5: 

v.l, T. V, Y J V, i, V, V. y ^, 1/ J. T, V, '/I i. 
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The Connes-Kreimer Hopf algebra of rooted trees Hck is the free associative commutative 

algebra freely generated over K by the elements of Tck- A linear basis of HcK is given by 
rooted forests^ that is to say monomials in rooted trees. The set of rooted forests will be denoted 
by "^CK- The weight of a rooted forest F = . . . f„ is the sum of the weights of the tj's. 

Examples. Rooted forests of weight < 4: 

We now recall the Hopf algebra structure of TCck- An admissible cut of t is a non empty cut 
such that every path in the tree meets at most one cut edge. The set of admissible cuts of t is 
denoted by Adm{t). If c is an admissible cut of t, one of the trees obtained after the application 
of c contains the root of t: we shall denote it by R'^{t). The product of the other trees will be 
denoted by P'^it). The coproduct of t is then given by : 

A(t) =tOl + l®t+ P%t)®R%t). 

ceAdm{t) 

This coproduct is extended as an algebra morphism. Then Hck becomes a Hopf algebra. Note 
that Hck is given a gradation of Hopf algebra by the weight. 

Examples. 

Y(2)l + 1(8) Y+3. (2> Y+3..(8)I+...(8)., 

V^i + i® l/ + i.0. + i®i+.(g)i + ..0i+.(g) Y, 

Y(g)l + 1(8) Y + Y(8).+..(8)I+2. (8)i, 
: (2)1 + 1(8)1 + i (g) . + I (8) I + . (8) 1. 

We define the operator : Hck — ^ Hck, that associates to a forest F E ¥cK the tree 

obtained by grafting the roots of the trees of i*" on a common root. For example, B^(l .) = 1/ . 
Then, for all x G Hck- 

A{B+{x)) = B+{x) (8) 1 + (Id B+) o A{x). (1) 

This means that B^ is a 1-cocycle for a certain cohomology of coalgebra, see [5] for more details. 
Moreover, this operator B~^ is homogeneous of degree 1, so is continuous. So it can be extended 
in an operator i?+ : Hck — ^ Hck- 

1.3 The non commutative Connes-Kreimer Hopf algebra of plancir trees 

This algebra is introduced simultaneously in [9, 11]. As an algebra, Hnck is the free associative 
algebra generated by the elements of Tnck- A basis of Hnck is given by planar rooted forests, 
that is to say words in elements of T^cK- The set of planar rooted forests will be denoted by 

"^NCK- 

Examples. Planar rooted forests of weight < 4: 

I..,. I., ..I, Y.,. Y,L,.i,i I, Y, V, Y,l . 

The coproduct of Hnck is defined, as for Hck, with the help of admissible cuts. For 
example : 



A(Y) = 

A(V) = 

A(Y) ^ 

A(i ) = 
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A(V) = V^i+i^V + i.^. + i^i+.^i+.-^i+.^Y, 

A(\/) = ■\/(g)i + i®'\/+.i®. + i(g)i+.(g)i + ..®i+.®Y. 

Note that Hnck is a graded Hopf algebra, with a gradation given by the weight. 

We define an operator, also denoted by : TCnck — >■ 'Hnck, as for Hck- For example, 

and B^(l .) = V . Then (1) is also satisfied on TLnck- Moreover, this operator 
is homogeneous of degree 1, so is continuous. In consequence, it can be extended in an 
operator S+ : Hnck — ^ Hnck- 

We proved in [9, 10] that TCnck is a self-dual Hopf algebra: it has a non degenerate pairing 
denoted by <,>, and a dual basis (e_F)FeF,YCK °f basis of planar decorated forests. The 
product in the dual basis is given by graftings (in an extended sense). For example: 

el.e.l = el . I + el I + e. I I + e. V + eJ + e. 'J' + e. I I . 

1.4 The Faa di Bruno Hopf algebra 

Let -f^[[^]] be the ring of formal series in one variable over K. We consider: 



G= < 



h + Y.anh''^^ eK[[h]] \ . 



n>l 



This is a group for the composition of formal series. The Faa di Bruno Hopf algebra HpdB 
is the Hopf algebra of functions on the opposite of the group G. More precisely, TipciB is the 
polynomial ring in variables YJ, with i G N*, where Yi is the function on G defined by: 



Yi : <^ 



G — > K 



n>l 



The coproduct is defined in the following way: for all / G HpdB, for all P,Q & G, 

A{f){P0Q) = fiQoP). 

This Hopf algebra is commutative and not cocommutative. It is also a graded, connected 
Hopf algebra, with Y^ homogeneous of degree i for all i. We put: 



n=l 



Then: 

oo 

A(Y) = ^Y"+i®y„. 



n=l 
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Indeed, with the convention ao = 60 = 1- 



A(Y) ( ( Y^a^h^^' ] ® l^hh^^' ) ) = YlY^bA Y.a,h^^^ ' 

^i>0 / \i>0 / / \i>0 \j>0 

i+1 

i>0 \i>o 

Kn=l / \ \ i>0 / \ i>0 / / n=l \ i>0 / 



The graded dual H*p^Q is an enveloping algebra, by the Cartier-Quillen-Milnor-Moore theo- 
rem. A basis of Prim{H*p^Q) is given by (Zj),^^*, where: 



Zi : <^ 



'HpdB — *■ K 
Y^" if «! + ... + afc / 1, 

Y > S- ■ 



By homogeneity, for all i,j € N*, there exists a coefficient Xij € K such that [Zi, Zj] = XijZi^j. 
Moreover: 

[Zi,Zj]{Y) = Ajj 

= {Zi Zj - Zj ^ Zi) o A(Y) 



= {Zi ® Zj - Zj ®Zi)ij2 <8) Yn 



\n=l 



= Zi{Y^+^) - Zj{Y'+^) 
= j-i- 

So the bracket of Prim{Ji.*p^^) is given by: 

[Zi,Zj] = {j -i)Zi+j. 

2 Subalgebras associated to a formal series 
2.1 Construction 

We denote by the set of formal series of with constant term equal to 1. 

Proposition 2 Let P e K[[h]]i. 

1. There exists a unique element Xp = ^^a„ G T~(-ck, such that Xp = {P{Xp)). 

k>l 

2. There exists a unique element Xp = a„ G Hnck, such that Xp = (P(Xp)). 



k>l 



Proof. 



7 



1. Unicity. We put Xp = ^^a„, with a„ homogeneous of degree n for all n. Then the a„'s 

n>l 

satisfy the following equations: 

Ol = ., 

n 

a-n+l = ^ ^ PkB+{aai ■ ■ -aaj. 
k=l ai+...+ak=n 

Hence, the a„'s arc uniquely defined. 

Existence. The a„'s defined inductively by (2) satisfy the required condition. 

2. We put Xp = ^a„, homogeneous of degree n for all n. Then the a„'s satisfy the 

n>l 

following equations: 

ai = ., 

" (3) 

fe=l ai+...+ak=n 

The end of the proof is similar. □ 
Definition 3 Let P G K[[h]]i. 

1. The subalgcbra of TicK is the subalgcbra generated by the a„'s. 

2. The subalgcbra An,p of H-nck is the subalgcbra generated by the a„'s. 
Remarks. 

1. Ap is a graded subalgcbra of Hck, and .4iv,p is a graded subalgcbra of Hnck- 

2. For all n G N*, a„ is an element of Vect{TcK)- Hence: 

Vect{TcK) nAp = Vect{an, n G N*). (4) 
The same holds in the non commutative case. 

2.2 Main theorem 

One of the aim of this paper is to prove the following theorem: 

Theorem 4 Let P G The following assertions are equivalent: 

1. An,p is a Hopf subalgebra of Hnck- 

2. Ap is a Hopf subalgebra ofTLcK- 

3. There exists (a,/3) G , such that P satisfies the following differential system: 



{l-al3h)P'{h) = aP{h) 

m = 1- 



4- There exists (a,/?) G , such that: 

(a) P{h) = lifa = 0. 
(h) P{h) =e'^^ ifP = 0. 

(c) P{h) = (1 - a^hy^ ifaP ^ 0. 

An easy computation proves the equivalence between assertions 3 and 4. Moreover, using 
the Hopf algebra morphism zu : Hnck — ^ Hck, defined by forgetting the planar data, it is 
clear that Ap = w{An,p)- So, assertion 1 implies assertion 2. 
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3 When is a Hopf subalgebra? 

3.1 Preliminary results 

The aim of this section is to show 2 =^ 3 in theorem 4. 

Lemma 5 Suppose that Ap is a Hopf subalgebra. Then two cases are possible: 

1. P = 1. In this case, Xp = . and Ap = K[.]. 

2. pi / 0. In this case, a„ / for all n> 1. 

Proof. Suppose first that pi = 0, and suppose that there exists n>2 such that Pn 7^ 0. Let 
us choose n minimal. Then, by (2), 02 = . . . = a„ = and a„+i = Then: 

A(B+(.")) = ® 1 + Q ^ eAp® Ap, 

which imphes that -B+(.) = I G Ap fl Vect{TcK) = Vect{an), so 02 7^ 0: contradiction. So 
P = 1 and Xp = . . 

Suppose pi ^ 0. By (2), the canonical projection of On+i on Im{(B^)^) (vector space of 
trees such that the root has only one child) is piS+(a„) for all n > 1. Hence, for all n > 1, 
ttn+i = ^ a„ = 0. So for all n > 1, a„ 7^ 0. □ 

We put: 

^.f HcK K 



Note that Z is an element of the graded dual Hex- Moreover, Z can be extended to Hck, 
and satisfies, for all a, 6 G Hck- 

Z{ab) = Z{a)£{b)+e{a)Z{h). 

Lemma 6 Let P G ivr[[/i]]i. If Ap is a Hopf subalgebra ofTCcK, then: 

{Z ® Id) o A{Xp) G Ap- 

Proof. As Ap is a Hopf subalgebra, for all G N*, A(a„) G Ap Ap. Hence, {Z Id) o 
A(a„) G Ap. □ 

Lemma 7 W^e consider the following continuous applications: 

\ z = z^id : rUjK ^Tk^ n^ , 

\ £ = £®Id : TCcK^'HcK — ^ TicK- 
Then i is an algebra morphism and Z is a e-derivation, i.e. satisfies: 

Z{ab) = Z{a)£{b)+eia)Z{b). 

Proof. Immediate. □ 
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+ CXD 



Let us fix i G Tck- We put P{h) = Y^pnh'\ As Xp = B+{P{Xp)), we have: 



n=0 



ZoA{Xp) = '^pniZ0ld)oAoB+{X^) 

n=0 

+00 +00 

= Y.pnZ{B+{xm + Y.p-^^ ® B+){A{xp)r 

n=0 n=0 

= Z{Xp)l + B+ [Y^PuZiAiXpy')] 



Kn=0 

f +00 



Z(Xp)l + i?+ ^np„£(A(Xp))"-iZ(A(Xp)) 



/ +00 



= Z{Xp)\ + ^ np„X]^-iZ(A(Xp)) 

\n=0 / 

= Z{Xp)\ + B+ {P'{Xp).{Z (8) /d) o A(Xp))) 
We consider the foUowing hnear apphcation: 



Lp: 



'HcK — ^ 'HcK 

a — ^ B+{P'{Xp)a). 



Then, immediately, for all a G HcK, val{Lp{a)) > val{a) + l, so Id— Lp is invertible. Moreover, 
by the preceding computation: 

Z o A(Xp) = Z{Xp)l + Lp{{Z (g) Id) o A(Xp)) 
^ {Id-Lp){{Z®Id)oA{Xp)) = Z{Xp)l 
^ ZoA{Xp)=Z{Xp){Id-Lp)-\l). 

Hence, as Z{Xp) = 1, lemma 6 induces the following result: 

Proposition 8 Let P G ivr[[/i]]i. If Ap is a Hopf subalgebra ofHcK, then: 

{Id-Lp)-\1) eAp. 

3.2 Proof of 2 =^ 3 

+00 

We put y = ^6„ = {Id - Lp)-\l). Then bn can be inductively computed in the following 



fe=o 

way: 



bo = 1, 

n 

bn+1 = X] XI {k+l)pk+iB+{aai...aai,) 

k=l ai+...+ak=n (5) 
n 

+ X X kpkB^{baT,aa2---aak). 

k=l ai+...+afc=n 



In particular, 61 = pi. . 
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Suppose that Ap is a Hopf subalgebra. Then 6„ G {Ap fl Vect{TcK))n = Vect{an) for 
all n > 1, so there exists G K, such that 6„ = andn- Let us compare the projection on 
/m((5+)2) of ttn+i and 

piB+(a„) for a„+i, 
2p2-B+(a„) +pi5+(6„) = (2p2 +piQ;„)5+(a„) for 6^+1 . 

Suppose that pi 7^ 0. Then the a„'s are all non zero by lemma 5, so is uniquely determined 
for all n G N*. We then obtain, by comparing the projections of a^+i and bn+i over Im{{B'^)^): 

( ai = pi, 

J P2 
I Pi 

Hence, for all n G N*, = pi + 2 — (n - 1). 

Pi 

Let us compare the coefficient of in an+i and in hn+i with (2) and (5). we obtain: 

Pn for a„+i, 
(n + l)p„+i + npnpi for 6„+i. 

Hence, an+iPn = {n + l)pn+i + npnPi for all n > 1. As a consequence: 

(n + l)pn+l + ^Pl - npn = PlPn- 

This property is still true for n = 0, as = 1- By multiplying by /i" and taking the sum: 

P'{h) + (pi - 2^j =piP{h). 

P2 

We then put a = and j3 = 2—^ — 1. Hence: 

Pi 

{l-aPh)P'{h) =aP{h). 

This equality is still true if pi = 0, with a = and any /3. Hence, we have shown: 

Proposition 9 If Ap is a Hopf subalgebra ofHcK, then there exists {a, 13) G , such that 
P satisfies the following differential system: 



S. 



{l-aPh)P'{h) = aP{h) 
P(0) = 1. 



This implies: 

1. P{h) = 1 if a = 0. 

2. P{h) = e'^^ if /3 = 0. 

3. P{h) = (1 - al3hyT^ if a/3 ^ 0. 

4 Is v4iv,a,/3 a Hopf subalgebra? 

The aim of this section is to prove in 4 => 1 in theorem 4. 
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4.1 Generators of AN,a,i3- 

We denote by Pa^/s the solution of Sa,g and we put Aa,f3 = Ap^ , and AN^a,f3 = An,p^ p, in order 

+00 

to simplify the notations. We also put Xp^^ = ^^a„(a,/3) and Pa^p = ""^^Pnia, P)h"' . The 

neN n=Q 

system Sa,i3 is equivalent to: 



Poia,f3) = 1, 

1 + n/3 

Pn+i{a,f3) = a — ^p^Pn(a,/3) for aU neN. 



Definition 10 

1. For all i G N*, we put = (1 + /3(i — 1)). In particular, [i]i = i ct [i]o = 1. 

2. We put [tip] = [l]i3 . . . [i]i3. In particular, [i]i! = i! et [i]o! = 1. We also put [0]^! = 1. 

Immediately, for all n G N: 

n! 

For all F € ¥ck, we define the coefficient Fl by: 

F[= Yl (fertility of s)!. 
s vertex of F 

Note that these are not the coefficients F\ defined in [4, 7, 19]. They can be inductively defined 
by: 

r .! = 1, 

< iti...tk)\ = ti\...tk\, 

B+{F)\ = k\F\ 
In a similar way, we define the following coefficients: 

[F]p\= J] [fertility of s];^!. 
s vertex of F 



They can also be inductively defined: 



[•J/3 

[ii . . . tk]i3 



= 1, 

= WW- 



In particular, for all forest F, [F]i! = Fl and [F]o! = 1. 

Finally, for all n G N*, we put £i„(a,/?) = ^ a.t{a,(3)t. 

teTNCK, \t\=n 



Tlieorem 11 For any tree t, 

at{a,(3) = a 



In particular, af(l,0) = ^, at(l, 1) = 1 and at(0, /3) = 5t,. for all /3. Moreover: 



at(l,-l) 



ift is not a ladder, 

1 if t is a ladder. 
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Proof. Induction on \t\. If \t\ = 1, then t = . and a.t{a,P) = 1. Suppose the result true for 
all tree of weight strictly smaller than \t\. Then, with t = -B+(ti . . . tk), by (3): 

a,(«,/3) = «l*i|-i+...+l*.l-iM4llJ!^a^M 



ti\...tk\ 



k\ 



= a\ti\+-+\tk\ 



a 



-1 [tW 



The formulas for {a, (3) = (1, 0), (1, 1) and (0, /?) are easily deduced. Finally, for (a, (3) = (1, — 1), 
it is enough to observe that [1]/?! = 1 and [fcj/j! = if > 2. □ 

Examples. 



(l + 2^)(l+/3) ^ ; (1 + 

6 2 2 2 

^ (l+3^)(l+2/3)(l+/3) ^y^ ^ (l+2/?)(l+/3) \^ ^ (l+2/3)(l+/?) ^j: ^ (l+2/?)(l+/3) ,^ ^ 



ai(a,/3) 




a2(a,/3) 


= al 


a3(a,/3) 


= 


a4(a,/3) 


= o? 


a5(a,/3) 


= 



+ 



In particular, a(l, 1) is the sum of all planar trees of weight n, so An.i.i is the subalgcbra 
of formal diffeomorphisms described in [10]. Moreover, a (1,-1) is the ladder of weight n, so 
•An, 1,-1 is the subalgebra of ladders of Hnck- 

4.2 Equalities of the subalgebras An,p 

Lemma 12 Let P,Q € K[[h]]i. Suppose that Q{h) = P{'jh) for a certain 7. We denote 
Xp = ^ an- Then Xq = ^ 7""^a„. In particular, if^j^O, An,p = An,q- 



n>l 



n>l 



n>l 



Proof. We put Y = ^7"-ian. Then: 



EE E I'PkB+ir'-'^m ■ ■ ■ 7"'=-'a 

neN k=l ni+...+nk=n 



nkJ 



EE E T 

neN k=l ni+...+nk=n 



k+n — k r> + 



'PkB^i^ni • • - a 



■nk) 



neN k=l ni+...+nfc=n 
E ^""^n+l 



neN 

Y. 



By unicity, Y = Xq. □ 
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Theorem 13 Let {a,l3) and (a',/3') G K^. The following assertions are equivalent: 



1- AN,a,l3 = «4w,a',/3'- 

2- Aa,l3 = Aa',i3'. 

3. ((3 = (3' and aol ^ Q) or {a = a' = 0). 
Proof. 

1 =^ 2. Obvious. 

2 =^ 3. By theorem 11: 

aa = a2l+a2(i±^Y; 
4 = a'2l+„/2(i±^ v_ 

As Aa,p = Aa',f3', there exists 7 7^ 0, sucht that a'l = 70;! . Hence, a' = 70;. In particular, if 
a = 0, then a' = 0. Suppose that a ^ 0. As 03 and a'^ are cohnear, the following determinant 
is zero: 

As a and a' are non zero, j3 = (3'. 

3 1. Suppose first a = a' = 0. Then P^^/j = Pa',/3' = 1, so ^iv,a,fl = ^jv,a',/3'- Suppose 
[3 = (3' and aa' 7^ 0. Then there exists 7 G — {0}, such that a = 7a'. Then, immediately, 
Pa,li{lh) = Pa',p'{h). By the preceding lemma, AN,a,i3 = AN,a',i3'- □ 



ai 



a2 



al , 



a'l , 



a2 



,/2 



a' 



/2 (1+/30 



4.3 The AN,a,/3^s are Hopf subalgebras 

We now prove 4 1 in theorem 4. If a = 0, then AN,a,i3 = and it is obvious. We take 
a / 0. By theorem 13, we can suppose that a = 1. 



Lemma 14 Let k,n EN*. We consider the following element of K[Xi, . . . 

XiiXi + 1) . . . (Xi + ai - 1) + 1) . . . (X„ + a„ - 1) 



Pk{Xi,...,Xn)= J2 



ai\ 

ai+...+an=k 



By putting S = Xi + . . . + X^ : 

P(x x\ S{S+l)...{S + k-l) 
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Proof. Induction on k. This is obvious for k = 1. Suppose the result true at rank k. Then: 



Pk{X,,...,Xn){X, + ...+Xn + k) 

/ Xi(Xi+l)...(Xi+ai-l) \ 
/ ail \ 



E E 

ai+...+a„=k 1=1 



Xi(Xi+l)...{Xi+ai 



(X„+l)...(X„+an-l) 



/ Xi(Xi+l)...(Xi+o;'i-l) \ 



J2 

a[+...+a!^=k+l i=l 



Xi{Xi+l)...{Xi+a',-l) 
77] 



Xn{Xn + l)...{Xu + a'„-l) 



ik + l) E 

a{+...+a'^=k+l 



/ Xi(Xi+l)...(Xi+a'i-l) \ 



Xi{Xi+l)...{Xi+al-l) 
77\. 



(X„+l)...(X„+a;-l) 



= (A; + l)Pfc+i(Xi,...,X„). 
This imphes the announced result. □ 

Let F = ti . . .tk he a forest and t be a tree. Using the dual basis {eF)FeWNCK' 

coefficient of F (8> t in A(Xi_^) = < ep <S) et, A(Xi^^) > 

= < e^etjXi^^ > 

s grafting of F on t 

^ s! ■ 

s tree, grafting of F on t 

Let n be the weight of t and si, . . . , s„ its vertices. Let fi be the fertility of s^. Let (ai, . . . , a„) 
such that ai + . . . + an = k and consider the graftings of F on i such that ai trees of F are 
grafted on Sj for all i. Then: 



1. If s is such a grafting, we have: 

s\ = t\h\...tk\ 

2. The number of such graftings is: 



[fl\f3- 



' ■ ■ ■ [fnW 
(/l + ai)! (/n + «n)! 



/i! 



fl + aA ffn + On 

Oil ) " \ OLn 
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Hence, by putting xi = fi + 1/ (3 and s = xi + . . . + by lemma 14: 

coefficient of F ® it in A(Xi^^) 

V- IMM! N/3![/l+«l]/3! [/n + «n]/3! 

[MMA MA (1 + ■ ■ ■ (1 + (/, + - l)/3) 

«l + ...+a„=fc i=l * 

-Q ^g,: + 1) ■ ■ ■ (Xj + - 1) 

ai + ...+an=k 1=1 

! 

t\ hi tjfc! ^ A;! 
Moreover, as f is a tree: 

s = /i + ... + /„ + n//3 = number of edges of t + n//3 = n — 1 + n//3 = n(l + 1//3) — 1. 
5(5 + 1) . . . (5 + - 1) 











hi " 






[tkV 



So, as Qk{S) 



k\ 



A(X,,,) = X,,,0l + 5: 5: ^^...^/3^Q.(|t|(l + l//?)-l)F®i 

oo oo 

= Xi,;3 1 + ^^ Q^(n(l + 1//3) - l)/3'=Xj_^ ® a„(l, P) 

n=l fe=0 
oo 

= X,,f, 1 + ^(1- (3X,,f,)-^(yf'+'^+^ (8) a„(l, /?). 

n=l 

Proposition 15 The coproduct of the aji(l,/?)'s is given by: 

oo 

A(Xi,^) = Xi,^ 1 + ^(1- /3Xi,^)-"(V/3+i)+i ^ a„(l, P). 

n=l 

a consequence, An,!,^ is a Hopf subalgebra o/TCnck- 

Remark. By taking the abelianization of An,i,/3, the same holds in Ai^p: 

oo 
n=l 

5 Isomorphisms between the AN,a,p^^ 
5.1 Another system of generators of An,i,/3 

Notation. We denote by S~ the inverse of S+ : Hnck — > Vect{T]\fCK), that is to say the 
application defined on a tree by deleting the root. 

We define b„(a,/3) = i?~(a„+i(a,/3)) for all ri G N, and: 

oo 

Y(a,/3) = 5;b(a,/3). 

n=0 
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We have: 



oo 



/v.Cl • • • • i/lc • 

k=oti,...,tkercK 

k=0 

- 2^ M 

- 2^ j^i ^ '"''^ 

fc=0 

oo 

fc=0 

= (l-/3X„,^)-V/3. 

By the last equahty, b„(a,/3) G ^Ar,a,/3 for all n G N. Moreover, by the second equality, if n > 1: 
b„(a,/3) = ^ a"^i + forests with more than two trees 

tGTcif , \t\=n 

= aan{a,P) + forests with more than two trees. 
So {hn{a, P))n>i is a set of generators of AN,a,p if a 7^ 0. 

Proposition 16 Suppose a = 1. Then: 

00 

A(Y(l,/3)) = J] Y(l,/3)"(/^+i)+i 0b„(l,/3). 

n=0 

Proof. As Y(l,/3) = 5-(X(a,/3)), by (1): 

A(Y(l,/3)) = (/d0B-)(A(X(l,/3))-X(l,/3)®l) 

00 

= ^(1 -/3Xi,;3)-"('/''+')+' ® 5-(a„(l,/?)) 

n=l 

00 



n=l 

00 

n=0 

00 

n=0 



5.2 Isomorphisms between the ^atq-^/j's 

Proposition 17 If (3 ^ —1 and /?' 7^ —1, i/ien ^iv,i,/3 and An,i,p' are isomorphic. 
Proof. Let 7 G K - {0}. We put: 

00 

Z(l,/3) =Y(l,/3r = ^c„(l,/3), 

fe=0 
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with c„(l,/3) G A{l,l3), homogeneous of degree n. This makes sense, because bo(l,/?) = 1. 
Moreover, for all n > 1: 

c„(l, P) = (5i(7)b„(l, 7) + forests with more than two trees 
= 7b„(l, 7) + forests with more than two trees, 

so {cn{l, P))n>i is a Set of generators of A{l,P). Moreover: 

00/00 \ 
A(Z(l,/3)) = 5;Qfc(7)K;Y(l,/3r(/5+i)+i®b4l,/3) 

fe=0 \n=l ) 

00 

= E^^W E Y(l,/3)('^i+-+«'=)(/^+i)+'=®b„,(l,/3)...b„Jl,/3) 

fe=0 ai,...,afc>l 

00 00 

= EE^^(^) E Y(l,/3y^''+'^+'®b„,(l,/3)...b„,(l,/3) 

i=0 A;=0 ai+...+afc=i 

00 / 00 

= J]Y(l,/3y(^+i) J] Qfc(7)Y(l,/?)0b„,(l,/3)...Y(l,/3)®b„,(l,/3) 

/=0 yfc=Oai+...+afe=i 

00 

= 5^Y(l,/3y(/3+i)Y(l,/?)T®cKl,/?) 

= f;z(i,/3y('T')+'®cKi,/?). 

We now chose 7 = As 7^ —1, this is well defined; as 13 ^ —1, this is non zero. Then: 

00 

A(Z(l,/?))=5^Z(l,/3y(/3'+i)+i®q(l,/3). 

/=o 

So the unique isomorphism of algebras defined by: 

\ b„(l,/3') ^ c„(l,/3) 

is a Hopf algebra isomorphism. □ 

In the non commutative case, the following result holds: 
Corollary 18 There are three isomorphism classes of AN,a,i3 's- 
1. the An,i,i3's, with /3 7^ —1. These are not commutative and not cocommutative. 

2- An,i-i, isomorphic to QSym, the Hopf algebra of quasi- symmetric functions ([17, 20]) 
This one is not commutative and cocommutative. 

3. .4Ar,o,i = This one is commutative and cocommutative. 

Consequently, in the commutative case: 

Corollary 19 There are three isomorphism classes of Aa,i3 's: 

1. the Ai^p 's, with /? 7^ —1. These are isomorphic to the Fad di Bruno algebra on one variable. 

2. Ai-i, isomorphic to Sym, the Hopf algebra of symmetric functions. This one is commu- 
tative and cocommutative. 
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3. A,i = ^sr[.]- 



Proof. As Aa,p is the abehanization of Af<!^a,i5-> if •A.N.a,B ^ •^N.a'.p'-, then Aa^p ~ -4a',/3'- 
Moreover, ^i^^ is not cocommutative if /? 7^ —1, whereas Ai^-i is. So ^1^/3 and are not 

isomorphic if /? 7^ — 1. It remains to show that Ai^p is isomorphic to the Faa di Bruno Hopf 
algebra on one variable if [3^—1. Let us consider the dual Hopf algebra of Ai,p. By Cartier- 
Quillen-Milnor-Moore's theorem ([18]), this is an enveloping algebra U{Ci^fi). Moreover, £1^^ 
has for basis {Tn)n&^* defined by: 



Tn ■■ < 



Oil 



... ai'' — > if ai + . . . + afc / 1, 



Moreover, T„ is homogeneous of degree n. By proposition 15, for alH, j > 1: 

00 00 

(T, ® Tj) o A(Xi,^) = r,(Xi,^)T,-(i) + Qkinii/P + 1) - i)/3'=r,(xf,^)r,(a„(i, /?)) 

n=l k=0 

= + Qi{j{l/(3 + l)-l)/3Ti{Xi,f3) 
= + /?)-/?■ 

By homogeneity, there exists Ajj G K such that [ri,rj] = XijTi^j. Then: 

= {Ti^Tj)oA{X,,^)-{Tj^Ti)oA{X,,p) 

Then, there exists a Lie algebra morphism: 

\ r„ — > (i + /3)z„. 

In particular, if /? 7^ — 1, this is an isomorphism. Hence, A\ ^ is isomorphic to Hp^^, so Ai^p is 
isomorphic to the Faa di Bruno Hopf algebra on one variable. □ 

Remark. The Connes-Moscovici subalgebra Hcm of He k (see [5, 6]) does not appear here: 
as it is generated by ., I , Y +!,..., it would be ^(1,1) • The fourth generator of ^(1,1) is: 

Y +2V + Y +i , 

whereas the fourth generator of Hcm is: 

Y +3 V + Y +i . 

So they are different. 

6 The case of the free Faa di Bruno algebra with D variables 

We here fix an integer D >1. We denote by W the set of non empty words in letters {1,. . . ,D}. 
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6.1 Construction 



We now recall the construction of the free Faa di Bruno algebra in D variables (see [1]). Consider 
the ring of non commutative formal series K{{hi, . . . , ho)) on D variables. We consider: 



Gd = { 



Y.a%)h-\ /of =5,, 

\weW J i<i<D 



We use the following convention: if ui . . . Ufc G W, then = hu^ ■ ■ ■ hu^.- In other terms, G/j is 
the set of formal diffeomorphisms on which are tangent to the identity at the origin. This 
is a group for the composition of formal series. 

Then HFdB,D is the Hopf algebra of functions on the opposite of the group Gd- Hence, it 
is the polynomial ring in variable Y^, 1 < i < D, with the convention that if w has only one 
letter j, then Yj = Sij. The coproduct is given in the following way: for all / G 'HFdB,D, for all 

A(/)(p®Q) = /(goP). 



In particular, if: 




then: 

A(FJ(P®Q) 




^wi ■ ■ ■ "lUfc"- 

yui...ukew wi,...,wkew I 

EE 

Ul...Uk&W ■Wl...Wk=W 



■Ul...Ufc"'Wl • • • "wife • 



Hence: 



k=l l<Ui<D wi,...,Wk£W J 

Wl...Wk=W 



For D = 1, we recover TCpdE- 
6.2 Subalgebras of H^qj^ 

We now put V = {1, . . . , D}^. The elements of V will be denoted in the following way: i, (tti, ^2). 
In the same way, it is possible to construct a commutative Hopf algebra Hqj^ of rooted trees 
decorated by T>, and a non commutative Hopf algebra 'H^ck °^ planar rooted trees decorated 
by T). In both cases, we define, for all i, {ui,U2) € "D, a linear cndomorphism B^(^^^ ^.^y which 
sends forest F on the tree obtained by grafting all the trees of F on a common root decorated 
by i, (mi,U2). 

Definition 20 Let i G {!,..., D} and w = ui . ..Un G W. We define an element Y^ G 
^H^CK inductively on n in the following way: 

= 6i,w if n = 1, 

W\W2=W 
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Examples. For i, ui, U2, U3 and U4 elements of {1, ... , D}: 



-yi 

U\U2 ("1, 'i'2) ) 



^U\U2Uz / J "3) a) I1 

l<a<D 

-'uiU2tl3tl4 / y I "i.ta./J) T^*J,(a,U4) T^*i,(a,ti4^ T^»t,(tii,a) T^'t,(ui,a) I 

l<a,/3<D 

An easy induction shows that 5^^.. is homogeneous of degree n — 1. 
Theorem 21 For all i e {1, . . . , D}, w eW of length n: 

n 

k=l l<ai<D wi,...,Wk&W, 

W\...Wk=W 

Proof. By induction on n. It is obvious if n = 1 or 2. Suppose it is true for all rank < n. 
Then: 

a,fS wiW2=w 

= y^^i+j: y: e 



a,l3 wiW2=w wi^i...wi^k=wi 

V V V y"' y"" y^' y^' r+ (v^ \ 

^wi,i---^wi^k^W2,i---^W2,i^-°i,(a,l3)y^ai-ak^Pi...PlJ 

ai,...,ak W2,i-'W2,i=W2 ft,. ..,/?; 

fc>2 ai,...,afc \oi,l3 w['w'2=ai...ak / 

= ^^®i+E E E 

fe>2 wi...Wk=w ai,...,afc 

= E E E 

A;>1 wi...Wk=w ai,...,afc 

Hence, the subalgebra of TC^qj^ generated by the y^'s is a Hopf subalgebra. Its abelianiza- 
tion can be seen as a subalgebra of 'Hqj^, and is isomorphic to Ti,FdB,D- 

Remark. In the case where D = 1, we put Y^-^ ^ =Yn. Then, by definition: 



^0 = 
Yi = ., 

n— 1 n— 2 

Yn = B+{YkYn-i-k) = 2B+{Yn-i) + ^ 5+(Yfey„-i-fe) if n > 2. 

k=0 k=l 

Hence, by (4), this is the subalgebra associated to 1 + 2/i + /i^ = (1 + h)'^ = namely 
2 
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6.3 Description of the y^'s in the generic case 
Definition 22 A tree t G is admissible if: 

1. Every vertex is of fertility less than 2. 

2. For each vertex of fertility 1, the decorations are set in this way: 

or . 

3. For each vertex of fertility 2, the decorations are set in this way: 

a. (c, d) \rb, (e, /) 
Vi, (o, 6) • 

Let t be an admissible tree. We associate to it a word in W in the following inductive way: 

1. w{.i,(a,b)) = ah. 

2. If the root oit has fertility 1, with decorations set as If/fcb)* , then, if we denote t' = B~{t), 
w{t) = w{t')b. 

3. If the root of i has fertility 1, with decorations set as li.'febj , then, if we denote t' = B~{t), 
w{t) = aw{t'). 

4. If the root of t has fertility 2, then, if we denote t't" = B-{t), w{t) = w{t')w{t"). 

Remark. The cases 1 and 2 are not incompatible, so w(t) is not well defined. For example, 
for t = li;[a;i] , two results are possible: cda and acd. 

An easy induction shows that: 

Proposition 23 Suppose that w € W is generic, that is to say all his letters are distinct. 
Then is the sum of admissible trees t such that: 

1. w{t) = w. 

2. The decoration of the root of t is of the form i, (a, b), with 1 <,a,b < D. 

If the word is not generic, we obtain Y^ by specializing the generic case. For example, if 
w = aaa, we have: 



l<a<D l<a<D 
— \ I "v* -I- \ I "v' 



l<a<D l<a<D 

In particular, W^lS'^a] appears with multiplicity 2. 
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